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7. CPT(Conditional probabilities tables)

K3.12 RAZToRYRT—HDCPT1Y

A | pA)
E | 06
& | 0.4
A B | p(BJA)
H E 0.2
H & 0.8
B B 0.75
% @B 0.25
A C | pCA) B C D p(E|C) C E | pE|O)
HEHE 0.8 H HE 0.95 H HE 0.7
H & 0.2 H HE & 0.05 H & 0.3
B K 0.1 H & K 0.9 B E 0.0
B A 0.9 E 4 6B 0.1 % & 1.0
B E K 0.8
B EKE 4 0.2
B B E 0.0
B BB 1.0
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/3 13K :joint probability
distribution table, JPDT

3.1 E32MDEIEERERS T :JPDT

A B C D E| p(ABCDE) [A B C D E| p(AB,CD,E)
11 1 1 1 0.06384 01 1 1 1 0.01995
1 1 1 10 0.02736 01 1 10 0.00855
11 1 0 1 0.00336 01 1 0 1 0.00105
1 1 1 0 0 0.00144 01 1 00 0.00045
11 0 1 1 0.0 01 0 1 1 0.0
1 1.0 1 0 0.02160 01 0 1 0 0.24300
1 1 0 0 1 0.0 01 0 0 1 0.0
11 .0 0 0 0.00240 01 0 0 0 0.02700
1 0 1 1 1 0.21504 00 1 1 1 0.00560
1 0 1 1 0 0.09216 00 1 10 0.00240
1 0 1 0 1 0.05376 00 1 0 1 0.00140
1 01 0 0 0.02304 00 1 00 0.00060
1 0 0 1 1 0.0 00 0 1 1 0.0
1 0 0 1 0 0.0 000 1 0 0.0
1 0 0 0 1 0.0 000 0 1 0.0
1 0 0 0 0 0.09600 00 0 0 0 0.09000
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		1		1		1		0		1		0.00336		0		1		1		0		1		0.00105

		1		1		1		0		0		0.00144		0		1		1		0		0		0.00045

		1		1		0		1		1		0.0		0		1		0		1		1		0.0

		1		1		0		1		0		0.02160		0		1		0		1		0		0.24300

		1		1		0		0		1		0.0		0		1		0		0		1		0.0

		1		1		0		0		0		0.00240		0		1		0		0		0		0.02700

		1		0		1		1		1		0.21504		0		0		1		1		1		0.00560

		1		0		1		1		0		0.09216		0		0		1		1		0		0.00240

		1		0		1		0		1		0.05376		0		0		1		0		1		0.00140

		1		0		1		0		0		0.02304		0		0		1		0		0		0.00060
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		1		0		0		0		0		0.09600		0		0		0		0		0		0.09000
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i Bty § 12~ SU1 Ay Bty /M) Ju Beily] B

-2 E(xi =1+ 2E (x; =0) = by,
Z(l’])E(Xl — 1,X]) — Z(l,])E(Xl = 0, X])=WUX]

E#E
1

P(x — 1|x1,x2,'”,xN, G) —
l 1 +exp(— Z] Winj _bi)




EEFEEETIL

—\

(TA—TZ5—=27)



RN KD E

* BNEHERDEET HEERHAMEITAN
SlhNt=-ET T ELLTS,

s STEAAIRELEMTEERX BENEHTE
AT HEIZKY ., B CEHERIELIE B R
EIZEHL TS,

s ENETHIEETILEHDEISEE

Tt

1Z172,




Yk H

7™ gl
Al

R

ZTD&

ETILIE RIBERL. IREDAIRFKZE




=L NN

RADTIOLRYNT—I1F—HEEZ > TR
ERSFEZWTETETHNT HLUTHLIERESE
BEY DHEWVEHHMTHNIE FREENS
LY,




¢ 10*51

LAOALIRE(X

Bayesian networkld FEEFH I

i

§CHELY ! ]

pixta jp -

~
A J

I~

93537567

|75

EDVHEHLNFLEVNGEE T
.

.
N
>

T\l



* Bayesian networklX I RNTDEED [EFFHE
RomzakOEHELTLNVS,

s FEFEIX BEHEZMELELTRERZEZ—
29 DFBILTLVD,




11. FET7AT7
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Bayesian networkb T 5 &9 H4FEB= DRI FHIT S

Z\Eb\?‘ LWDT =G ERETHELT, —O0D
BHEHDFHER ﬁils'déé—— 5&’&?:71;(% HELVIN?

Shouta Sugahara, Koya Kato, James Cussens, Maomi Ueno: Learning
Bayesian Network Classifiers to Minimize Class Variable Parameters, Journal
of Machine Learning Research, 27(21):1-41, (2026)

Shouta Sugahara, Koya Kato and Maomi Ueno: Learning Bayesian Network
Classifiers to Minimize the Class Variable Parameters. Proceedings of the
AAAI Conference on Artificial Intelligence, 38(18), 20540-20549. (2024)
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Eﬁﬁﬂ%ﬂﬁ& : X1;"';X4

N. Friedman, D. Geiger, and M. Goldszmidt, “Bayesian Network Classifiers,” Machine
Learning, vol.29, no.2, pp.131-163, 1997.



Augmented Naive Bayes Classifiers (ANB)

BRZEHNMSEHAZTRICT Y ORBIDNTNSEES,
Augmented Natve Bayes (ANB) (Friedman et al., 1997) & FESN.
B E{J?ﬁ?_)};ﬂ 3 XQ

EREAEE SN - Xy, -,

BHZEHRDODBREHHI 0T, ETOHAERZFERLET S,
T L= EREET ORENELCTL.

N. Friedman, D. Geiger, and M. Goldszmidt, “Bayesian Network Classifiers,”
Machine Learning, vol.29, no.2, pp.131-163, 1997.
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« T—%Ah Bayesian network® FHRIET ILIZHED

TLW I, BRIZE O FRIRE SR (L Hh—
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2E
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* Shouta Sugahara, Maomi Ueno: Exact Learning
Augmented Naive Bayes Classifier. Entropy 2021,

23, 1703.https://doi.org/10.3390/
e23121703,2021



12.BNOC: Bayesian Network Optimal
Classifier

- BHIZEHDOHHEERDHTEICER T HAETDINTA—4F
20 (Number of Class variable Parameters: NCP) % &
/IME 9 HBayesian network

n
NCP(G) = Z NCP;(Pa%),
=0

(r; = Da; (i =0 VX, € Pag,)

NCPi(Pa)G(i) = { 0 (ZDMDIFE)

Shouta Sugahara, Koya Kato, James Cussens, Maomi Ueno: Learning Bayesian Network
Classifiers to Minimize Class Variable Parameters, Journal of Machine Learning Research,
27(21):1-41, (2026)

Shouta Sugahara, Koya Kato and Maomi Ueno: Learning Bayesian Network Classifiers to
Minimize the Class Variable Parameters. Proceedings of the AAAI Conference on Artificial
Intelligence, 38(18), 20540-20549. (2024)
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Sample ,
No. Dataset Variables size SPP RF DL BFS PCMCE
13 Heart 14 270 1.22x107° 0.8296 0.8370f 0.2074 0.8037
14 HTRU2 9 17808  1.56x10~2 0.9797 0.9797] 0.9783 0.0788
15 Congressional Voting Records 17 232 1.77x107% 0.9567 0.9567] 0.9655 0.9569
16 Solar Flare 11 1380  3.72x107% 0.8294 0.8400Q 0.8431 0.8431
17 Glass 10 214 6.63x107% 0.6310 0.6602] 0.6262 0.6946
18  Contraceptive Method Choice 10 1473 2661072 04772 0.4983f 0.4623 0.4912
19 Hayes-Roth 5 132 2.20x10~1 0.8088 0.7571) 0.8333 0.8258

20 Balance Scale 625  3.33x<1071 0.8287 0.9808] 0.9152 0.9904

[l |

21 Lenses 5 24 3.33x107! 0.8167 0.7667] 0.8750 0.8750
22 Iris 5 150  6.17x10~1 0.9333 0.9467] 0.9467 0.9333
23 LED7 8 3200  2.50x10° 0.7269 0.7344) 0.7316 0.7334
24 Banknote authentication 5 1372 2.72x10% 0.9432 0.9432] 0.9410 0.9406
Average accuracy for datasets with large SPP (Nos. 13-24) 0.8134 0.8251 0.8271 0.8389
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Structure(1l) Structure(2) Structure(3)

Figure 3: Structures: (1) the Cancer network, (2) the Asia network, and (3) a Markov
network with a cycle.
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Sample

Network size RF DL BNOC-BFS PCMCE
100 8.49 % 1077 5.20 % 107 2.70 x 10~ 288 « 107
Cancer 1,000 5.33 % 1072 —1 85 % 1072 2.67 x 1072 2.63 x 1072
(Structure (1)) 10,000 | 1.88 x10™% 838 x107% 127x107% 145 x 1073
100,000 | 2.73 % 1074 5.11 % 1073 8.46 % 1072 3.80 =% 107
100 1.23 x 1071 151 x 1071 440 x 1072 437 x 1072
Asia 1,000 1.82 x 1071 2.31 x 1071 6.38 x 1072 6.35 x 1072
(Structure (2)) 10,000 5.62 % 1072 3.11 x 1072 2.46 x 1072 2.40 = 1072
100,000 | 3.26 = 1072 1.92 x 1072 2.72 x 1074 5.88 % 10~
100 2.73 = 1071 1.16 % 1071 818 % 1077 8.16 = 107
Markov net 1,000 138 107 786 x 1072  6.63x 1072  6.65x 1072
(Structure (3)) 10,000 | 1.30x 107 136 x 107t 443 x10~* 442 x107%
100,000 1.17 x 1071 1.44 x 107! 7.04 x 107° 7.04 x 1072

Table 8: Average KLDs between the true probability distribution of the class variable and

those using RF, DL, BNOC-BFS, and PCMCE.
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13.1. IBEFEZD BRIEH

maximize Z Scorex(W)I(W — X) — v X Z NCPx(W)I[(W = X)
X,W X W

BN E DA NCPOARE=

v Fa1—Z20)\SA—-4
Scorey (W) : BEEESWHEBXDIR THD EESDREMILE
I(W-X) : BNCICBWTWHQ XD TH D51, €5 TRIFNIEZ0



13.2. IR EFEZDHIFY

B E RN HERZEFFT-7LBNCTH H1= DlFY
1. REHFX e VOREBRESWH=I2—DOTHD

VXY I(W—=X)=1

2. BEICEEESELL
VCCV:Y ) I(W—oX)>1
XeC W WnNC=0

3. BMEHMMINBREHZRE -GN



13.3. 2RO E1E

maximize Y  Scorex(W)I(W — X) —yx Y  NCPx(W)I(W — X)
X, W X, W

subject to VX : Y I(W = X) =1

W
VCCV:Y Y (W= X)>1
XeCW:WnNC=0
I(0— Xo)=1
VX, W :I(W = X) e {0,1}
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13.6. MNRIER YT —H DL EER

o LEETFIE:
— Naive Bayes
— gGBN: BB AEZFRTELI=ZE LT-GBN
— GBN: BB ALAEZRAWTEHZEFELT-GBN
— ANB: ANB#g&Ex#I#ELE-2EFE
— MEESEIERICIANCPER/ME(LLT AAAI2024 TE{E R EFRED)
— %?1%5'653\&55%%IZJ:}S)NCPBE:_'L/J\HS(U-F AAAI2024 RSB ER
— BEFEUN/N—/\TA—=4(F0.05. IBN CPLEX)
« ET—A:

UCILIRD R T —ER—R[ZBFE SN TN FI—IT—5tvk

- EERFE:

EFE ET—FEIYMIMLT, 107 BIREREECKDT AT — 2D Y —HEEZROTHERELL-.
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1=Z1

Sample Naive- AAAT2024 AAAT2024 BREFE
No. Dataset Variables size SPP Bayes ¢gGBN GBN ANB S waSER v=0.05
1  Lymphography 19 148  1.63 x1077|0.8378 0.7905 0.7500 0.8108  0.7635 0.7838 0.7905
2  Breast Cancer Wisconsin 10 683 3.42 x1077|0.9751 0.7094 0.9751 0.9751  0.9737 0.9737 0.9737
3  Hepatitis 20 80  7.63 x107°(0.8500 0.8500 0.6125 0.5750  0.8250 0.8000 0.8250
4 Zoo 17 101 1.03 x107%]0.9802 0.9505 0.9228 0.9406  0.9505 0.9208 0.9703
5  Australian 15 690  2.97 x107*|0.8290 0.8420 0.8507 0.8203  0.8493 0.8449 0.8580
6  Vehicle 19 846  8.07 x10~1|0.4314 0.5461 0.5898 0.6217  0.6050 0.5843 0.5946
7  Breast Cancer 10 277  8.33 x107*0.7364 0.7058 0.7256 0.6968 0.7076 0.7365 0.7184
8 Image Segmentation 19 2310 1.26 x1073/0.7290 0.8026 0.8255 0.8273  0.8264 0.8320 0.8264
9  Congressional Voting Records 17 232 1.77 x1073[0.9095 0.9741 0.9655 0.9483  0.9698 0.9655 0.9612
10 Heart 14 270 2.44 x10730.8259 0.8222 0.8370 0.8037  0.8222 0.8333 0.8222
11  Solar Flare 11 1389 3.72 x1073/0.7804 0.8431 0.8431 0.8215 0.8431 0.8409 0.8398
12 Wine 14 178  7.24 x1073(0.9270 0.9045 0.9270 0.9270 0.9494 0.9494 0.9494
13 Letter 17 20000 1.17 x1072|0.4466 0.5761 0.6434 0.6434 0.6290 0.6303 0.6237
14 Pendigits 17 10992 1.68 x1072|0.8032 0.9253 0.9342 0.9332  0.9368 0.9373 0.9314
15 Contraceptive Method Choice 10 1473 5.99 x1072|0.4671 0.4440 0.4792 0.4481 0.4616 0.4396 0.4742
16 Glass 10 214 6.97 x10720.5514 0.4626 0.5888 0.6355 0.5794 0.6036 0.6122
17 Hayes-Roth 5 132 2.29 x107'|0.8333 0.7525 0.6212 0.7879  0.8333 0.8333 0.8333
18 DBalance Scale 5 625 3.33 x1071|0.9152 0.9152 0.9152 0.9152  0.9152 0.9152 0.9152
19 Lenses 5 24 3.33 x1071]0.7083 0.8333 0.8333 0.7500 0.8750 0.8750 0.8750
20 EEG 15 14980 4.57 x1071]0.5778 0.6732 0.7246 0.7212  0.7155 0.7135 0.7115
21 LED7 8 3200 2.50 x10° |0.7294 0.7297 0.7303 0.7303 0.7316 0.7325 0.7275
22 Iris 5 150  3.13 x10° |0.7133 0.8133 0.8267 0.8156  0.8200 0.8200 0.8133
23 HTRUZ2 9 17898 3.50 x10! |0.8966 0.9092 0.9141 0.9141  0.9140 0.9140 0.9141
24 Banknote authentication 5) 1372 4.29 x10' |0.8433 0.8819 0.8812 0.8812 0.8819 0.8819 0.8812

average 0.7624 0.7774 0.7882 0.7893! 0.8070 0.8067 0.8101 I




13.8. KFRER YR —O TOEEZE
ER
o LEERTFIE:

— Naive Bayes

— RSB EDEREEICEHONCPER/IMELLT
AAAI2024 RSB EFRED)
— BRBEFE(NA/N\—7/\F5A—%3[30.05, IBN CPLEX)

« ET—A:

UCILIRO R T —AR =X [ZEFINTWNBIR U FI—IT—3F vk

= e .
« EERFIIE:
- *%ir%;‘ftfv‘-“—at%(:*%'c, 10N B R ERIEIZKBDTANT —2DEH—HELFROTHE
CPES fl
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13.9. KIBERYENT—UTHERFFER

Naive- AAATI2024 $eRTFik

No. Dataset Variables Sample size | Bayes &E3IE5% ~=0.05
25 Phishing 31 11055 0.9276 0.9337* 0.9433
26 Postures 31 23906 | 0.8290 0.8727*  0.8760
27 connect-4 43 67557 | 0.7058 0.6751*  0.7138
28 PAMAP2 53 174915 |0.6862 0.8266*  0.8430
29 spam 58 4601 0.8794 0.9063*  0.9107
average 0.8056  0.8429 0.8574

KK, AENA—NZE>TH UMY DN REAL, ENFETISHRENCPO/NSLMEEZE
RAWESDHREREICMHESN TS
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14. Bayesian network optimal classifierZ|
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REXDREZHV=RubinERETIL[IE, T ADEFEICIHERZLEELTEER
HRZEITOMETIF IR °

Bl) EREOHEH DDA DL gmﬁﬁf\/ | ear

Az BBEEFHRETS (2=0) (2=1)
y R ERATEBEDOIIEE
v, BREL DTz EEDHEH & ‘
fﬁﬁ%yﬂ ?'ffnt%yl
ELL MEHY

RRIIER=y: —yo

LML, B—DOXRTIENADEELXRFIZER TS0

[1] Rubin, D. B. 1974. Estimating causal effects of treatments in randomized and nonrandomized studies. Journal of Educational Psychology
66(5):688-701.
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EEAILLEEREERTIX, (v, vo) L zDNRYIL D=8,
E(v)=E(y12=j).G =10
L30T, RIRIYRF /= IXFLE A ) E(Average Treatment Effect : ATE) (&
ATE = E(y1 —y0) = E(y1lz=1) — E(yo|z = 0)
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Rosenbaum & Rubin [2] [(F{ER A7 Z AWV -HESHAEEZTIRELT-.

ERARO7e(x) :HEEXEMGELIEZDHBENNHAZLRITHRER
e(x) = p(z = 1lys, yo,x) = p(z = 1|x)
CDEE E(y;|x)=E(y;|e(x)),(=10)

uyo) Lzlelx), 0<p(z=1lex))<1
EFHOLE E(yi|e(x)) =E(y;|e(x),z=j),( =1,0)
L7y, ATE=E,(E(y; |l e(x),z=1) —E(y, | e(x),z = 0))

MRLYIL D=8, HHERE AT iE(Inverse probability weighting : IPW) T
ATEERSHSNB[3].

1 Ny 1 N 3’01
ATE = —
N

i e(xi) N 1—e(x) et~ %)

NIZTHREHRDE, yllld:*‘f%m‘\/i“)\’&%(‘ff:ﬁ@fﬁﬁﬁiaﬂ, VoilER RN AZRZIFEH =D
BREH IR RIOKES, [ TR/RIDNADEHE

[2] Rosenbaum, P. R., and Rubin, D. B. 1983. The central role of the propensity score in observational studies for causal effects. Biometrika 70(1):41-55.
[3]K. Hirano, G.W. Imbens, and G. Ridder, “Efficient estimation of average treatment effects using the estimated propensity score,” Econometrica, vol.71, no.4,
pp.1161-1189, 2003.
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1t,Er"J7\:|70)¢E;EL BE ML AEB[3]

logit(é(x)) 1081 e 2 ) = Bo + B1x1 + Baxz + -+ X5

CCTe)IEINAZZITHERNVER AT )DHETEIE, Bl XTERIE, By, By, ..., By [TEERBAZH D EIREZR
B, x1, X, ., xp [FERAZEHTHS.

RENRHEEDREIIBERRITHEEDHEICKEIKTFT 54,5 126,
CDFERITBEILE

[3] Sant’Anna, P. H., Song, X., and Xu, Q. Covariate distribution balance via propensity scores. Journal of Applied Econometrics, 37(6):1093—-1120, 2022.

[4] Hainmueller, J. Entropy balancing for causal effects: A multivariate reweighting method to produce balanced samples in observational studies. Political analysis,
20 (1):25-46, 2012.

[5] Imai, K. and Ratkovic, M. Covariate balancing propensity score. Journal of the Royal Statistical Society: Series B (Statistical Methodology), 76(1):243-263, 2014.
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[6] McCaffrey, D. F.; Ridgeway, G.; and Morral, A. R. 2004. Propensity score estimation with boosted regression for evaluating
causal effects in observational studies. Psychological methods, 9(4): 403.

[7] Setoguchi, S.; Schneeweiss, S.; Brookhart, M. A.; Glynn, R. J.; and Cook, E. F. 2008. Evaluating uses of data mining techniques
in propensity score estimation: a simulation study. Pharmacoepidemiology and drug safety, 17(6): 546— 555.

[8] Westreich, D.; Lessler, J.; and Funk, M. J. 2010. Propensity score estimation: machine learning and classification methods as
alternatives to logistic regression. Journal of clinical epidemiology, 63(8).
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[12]Rajeev H Dehejia and Sadek Wahba. Causal effects in nonexperimental studies: Reevaluating the evaluation of
training programs. Journal of the American statistical Association, 94(448):1053—-1062, 1999.
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ATEHETE D RERTHG R

LR NN BOOST ;BN fRRTA

Bias -0.3755 -0.5486  -0.2939 13.0158  0.0060
RMSE  0.3883  0.5530 0.3384  26.5959  0.1877
MAE 0.3755  0.5486 0.2939  13.4092  0.1515

c REFEODRBEINRLELSD

BiasD TE &
Bias = E[ ATE — ATE ;]
&Y, LA ALY ILD.
E| ATE | = Bias + E[ATEy.] = Bias + 0.0779
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MEOHESREFNERLTEDICEL

A RFDIERENENA
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éi{% NI IVEX, R EEDE#HEIET

z|x ~ Bern(Sigmoid(wTx + n))

=T wrt (0.1,0.)1), n~N(0,0.1)

[13] Douglas Almond, Kenneth Y Chay, and David S Lee. The costs of low birth weight. The Quarterly Journal of Economics,

120(3):1031-1083, 2005.
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Bias 0.0689 0.0498  0.0317 0.0051
RMSE 0.0784 0.0984  0.0439 0.0417
MAE  0.0689 0.0796  0.0393 0.0328

REFED **EZ%J

=LE<ED

9—:
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E| ATE | = Bias + E[ATEy.] = Bias — 0.0248
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