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Exact Learning Bayesian Network Classifier with Augmented Naive Bayes struc-

ture constraint

Shouta SUGAHARAT and Maomi UENOQOTP)

HoEL RXAVT U M7 —I5%E (Bayesian Network Classifier: BNC) (X £ Z S mkEED
DB LU THISNTWS., BNC IZEKE TNV L0 BHIETIVOABRSEREN W Z & DT Tk
INTEEZ. LU, BEENETNVOABRSERBERE VR WS HHIZ DWW TR S I N TV,
AHMTIE, FTHNNET IV ELTO BNC LHFICHEE U ERETIVE LTO BNC O MRE O ik EKR %
Tlotz. TR, ERETIVEY Y TV T A ABRKREVRKHTHEINET NV X0 S EBERE»r o7, — /AT
P TNY A XN VEEL, ERETNVTIZENEROBZERIMUTUEW, /X5 X —XBOREINEY
M & > THEREDHIET LIV EZFELLERTLTWE, 22T, K#HiTld, BWESEDEEEER-L0V
Augmented Naive Bayes (ANB) &% filf & U7z, ERET N L L TO BNC OEHEEE FEE2RET 5.
ERETIVE LTD ANB OFHFZERIZ ANB HIfD W BNC IZB I3 HNEROS VI T TS50y MiZ—
HLTWBeEZSND., TITREFIETE, FTHIIARL TBNC 2ME¥EET 5. iz¥EH Iz BNC

OHWERDO~LVIAT TSy vOAEHRAEBES L UL ANB HEZ25IE LT BNC 2895, UK
VMN)F—=XREy hEAVWAZERIZED, REFEIIMEROHANETFTNVO BNC L0 E0HBEENAREICE N

LEmY.

F—O—RK RAVUTVRY NT—2, S, ERETIV, EWEE, RN ST VETIV

1. FANE

RAVT VR y bT—21%, MESREREEE ) —
e l, /— NHOEMNMN EHEEGE BRGNS 5
7 (Directed Acyclic Graph: DAG) T&RLU, [FRHE
BN %2R ) — RO/ — NEEEZATS L L&M
N EWHRNTA—ZOBIIDRT B, HRWT T 7 1
HIVETNTHD. RATVT U3y bT—=21281)5
—D0/ — N2 HWERE L, ToMtho) — N %N
BRE LIRS YT vy N7 —2 %% (Bayesian
Network Classifier: BNC) 1%, BERRZE#H %S 58
B LTHSNTNS [1].
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—fRIZRT VT 2y 8T —2 D DAG WEIET —
ANSHETZHERDHD, ZOMEERATT Vv
v T — 2 OMETE LS. MEEE T, Eh
BE,PSRERFHEA AT 2R OBELHRET S A
ATR=AT T —=F PP STONTE L. A
T ERRGE IR 2R & I ¥E L7 BNC %
General Bayesian Network (GBN) IEZ. —f%iZ
AATR=A7 Ta—F Tk, #E—8lEE2H9 3,
K& D LA E (Marginal Likelihood: ML) % %%
A7 LUTHWS.

ML 2HW5 &, 2ZHOFEIERIM%EET NV
THERETINVE LT BNC 2828 T&E5. Lal,
Friedman & [1] I%, BNC Of§EFE 237 & LT,
AERETIVTIERL, HAZKENS L HRIAK
DEMAT ERERN T E TTIMALT B2HMET VD120
DAAT HZHNWEREZEFELEZ., 2O LD 0¥ H
Aa7e LT, SHERES & U HINER DM,
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{7 & X E (Conditional Log Likelihood: CLL)
PREI N, UL, CLL 2ERAIZT S35 A =4
HENIZHERTERE R WD, FEDOBERIZRIRN
BTNVTYALEHNDZERTET, FHRH
KIZig>oTULED. TNEMPRT 5728, Carvalho
5[2],[3] FHEEHERLMERIZTES LS CLL 4%
LML U 72 approximate CLL (aCLL) %% LU 7z.
Grossman 5 [4] iZ CLL 2 A3 7 & LT, AMRIED
Hill-Climbing 7L 3V X 4 [5] & MW CHEE % ##5R
TEHEFEEZRELEZ. ZNoDEMFETEE L
BNC @ Ji#%, ML CH##E L7 BNC & b & /0 HkE
WEWZ ERREZTNT NS,

UL» L, ML &K{t& b CLL KEDFHHRER
W EWSHEBIZDWTIEREZHSPIZINT VA
W, ML G HEERSE 26 U Cling — B2 REE S T
BY, YUY A XHRKEVRIZ ML O 8EREH
CLLIZE2DIZEHETHS. 72, BNC ® ML X
EARTRES720 CLL K 0FHHEMEN KL, ML %
KIGHNZ IR RAL T 2 WEiE % BEER 3 5 & 3 2 R
ATA S, FATMSRO I FERRTIX, ML % 5
RIS BEEE R T 5IEMUFEHEZTR> TS
b, BRHEEOEIVPHZELZONE LR,

ZZT, AR TIRET ML I & B BE¥E L CLL
IZEBEMFEHIZE > TH LN BNC O HEE %
g 5. KR E LT, ML RA(GIZ &5 BNC 3%
FHEHTHILT, RESHEPHMLET LI LAbho
T2, WIZH VTN A XPKREWE EIZ, b Bk
EREWZ EWRINZ., UL, MEFETIEY
VINY A ZXDINS B e ML 2&5A{LT % BNC
DRBREEMEL 20, B HMALEEEZ S D Naive
Bayes £ D HEWHEL H o7z, KT, HREHROE
BRDE K FEBDPDR WL S itz 83 256
WD HREMEL o TWBZ b h oz, TOH
ik, HNEROBERN L L, T A —XEHHE
BN R 57280, —DDNTFA=RZHEDHDY
VINYAXPINES KR, HEERENELS Lo TL
F5N6THS.

ZOMEEENT 5720, KwTiE, BHREHHIH
B EF72T, RAZBABTERERO TR
Augmented Naive Bayes (ANB) iz fil# e U7
BNC O#E¥E 2 #R%ET 5. ANB IZIhE CilblE
FILELTHONTEZ72D, ML 2AbLTEY
T idmbot. KimDRER, #lETIVOF
Bosd, EREFILELTO GBN 0%RIZ, H

2

PR D AR HE X 72\ & 512 ANB RS 2 Hilf &
T3 THB. EREFILELTD ANB DL
B, EREFTIVELTOD GBN 2B 2 HAZHED
SRNVATTIUTy M—BLTWwWReEZ NS,
I TREFETIE, £T ML 2HWVWT GBN %%
TS, KicFEHE N GBN O HKER D<) O
TTIVry hDAEDRPLEES L LTz ANB HE
2 LT GBN 2%¥ ¥ 5.

RNYFIX—=I T =R L BHEERT, REFIED
DEREDPRERFIEL D EARICE VI L 2R L.

2. RAVTFYRY hT—Y

2.1 £ F I

RAIT V3w NT—=213, HEREHRE ) —ReL,
J — NI D&M EEBERE EBRAR S T 7 TR
U, &/ —ROH /) — NEGEFSG L UM &k
RORBFINIMRNT 714 INVETLVTHD. 5,
HEERTE R RS {Xo, X1, , Xiy -+, Xn P 2BV
T, BEH X, | r, HOREES {1, ,ri} ho—D
DB, BREB X, WMkt bLE, X, =k
eEL F, BRX, OBEBESE G, L L, R
VT vaxy b= OfEER G = (Go,Gr, - ,Gr)
CEBETD. X6, Oy 2 G D BEHDNAZ—
VELoEE (Gi=j2EL) X =ktRkd
S EMEP(X, =k | G =j) 2RT/8TA—
2L, 05 = UL {05} ©=U_, UL {8}
£9%. 22T, ¢ = [[ixeq,n THB. RAY
Trry 7 —=2Ti, RAD XS IZFARHERS A
P(Xo, X1, , X | G,0) 2 &EEBDEMNT EHER
NI A—ZDRIZHRL TERES.

P(Xo, X1, , Xa | G,0) = [[ P(Xi | Gi, ©)

=0

2.2 RATVTFURY NT—=IDIRSA—GH#TE
S, BTN NED O, £ T IEar
TH—RAHEIIKS> T, t EHOY Y T %
db = (zb, 2, 2b) e RL, BFEF—-X% D =
(@*,---,dt, -, dY) e KT, DHBESNEFHORT
VT VAY NI =2 (G,0) DREIFZMTTERINS.

N
t=1
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—HHH%T (1)
=0 j=1k=1
2T, Plbt,-- 2t | G,0) Ik P(Xo =
ZBE,X1 :135,"',)(” :a:; | G,@) %i@b, Nijk

DRIEER BRIZT B O ORAMEEIGU T TR
ns.

A N;;

em:Ng (2)

2T, Nyj=3 " Niji THB. —fizix, ~A
TRV NI —IDNRIA—RHEEL LT, Oijk
DFHETH % Expected A Posteriori (EAP) 23
WoNd, XAYT ARy MU — 27 OfEE G ITHL,
K@) DEIENRTA-ROHEMA/MEIZT 1V IV
DHERET DL, XN 1) OFLRDM p(©y; | D,G)
PEoh, TOEBESMPOR (B) DLIIZEAP %
RDBZENTES.

Z ijk N{‘ -1
P05 | G) = 444L%ﬁ%711@ﬁk (3)
k=1 k) p_q
p(©i; | D, G) (4)
_ PO, (N + Nigr)) ﬁ gt Nidn—1
et DNy, + Niji) 11 ijk
Oijr = /Qijk -p(045 | D,G)dOy; (5)
N/ ik + Nuk
N’L] + NZJ
ZIZT, N, T4V 2 VHEEDMHDNA IN—I%F

ijk
A—=R%EHRU, Nj;=3" N CTH5.

2.3 RAVTPURY NT—UDEEEE

RAVT VRV NI =T DNRTA—REHRET BT
DITIE, REREE2 T — AP SHET EHENDH 5.
COMBEERATT vy MU — 2 OREEFE &I
L. WEEEE TR, BHEE» SRELEE AT %
RIOMNGEZ RS 5 AT R=AT 70— FDBEkh
SHbLNTE., —~BcFEH A7 & LTihe Bk
2ES2REMIE P(D | G) (Marginal Likelihood:
ML) AHWSH, ML &2mKICT 26 % s fig &
T3, NIA=ROHFH/MHEDT 1) 7 L oAh LAE
$5¢, MLIZRD LS IHERTRINS.

7,]k + Nljk)

rw1 6= T e T

i=0 j=1 Uk

(6)

X (6) @ ML I Bayesian Dirichlet (BD) &£
%. Heckerman & [5] 1%, [F—ODRFHERIMEET
fiEIE, €450 ML OfES A — TR ER 580w
EWVWD REEMEEALZ. LT, REEMIITE
LWT 4 V7 VAMHOZRME LT, IRD/NA -
NIA—RERELTNS.

N/jx=N'P(X; =k G; =35 |G")

22T, N IZHEAAROEAZ R THLY >~ TV TH
5. GMiFa—VoFHEETHY, ZoMEETG L
UTN' % N, s 5. ZDA371E, Bayesian
Dirichlet equivalent (BDe) XN 5. X 5iZ, N’
BNTA—ZETERL, N, =N/(ri-q) &Lk
ATATEBRERLTWS. ZOAA7 L BDe DR
& AT Z L HTE, Bayesian Dirichlet equivalent
uniform (BDeu) & #EiE# 5. Heckerman & [5] %
Ueno [6] [7] [8] D#FFLTIE, MEIFHRFHTD 4% H W7z
BDeu BixEEHTH L EWMELTWVWS.

—%, —logML Ol TdH % Fhitid £ (Minimum
Description Length: MDL) [9] I&, XA YT ¥4y
N =2 HEET -2 D ORGSR ERKRT.

MDL(D | G, ©) (7)
__log N -
= Tz;q,‘(ri— 1)—10gP(D | G,@)

MDL Z w28 i, R (7) 2N T 5HE%:
e 35, X (7) OB IHIIME OB X 123
BZRINVTAHTHD. A (7) OE_IHIIMED T —
BAANDYTEEDENMTET7 4y T4 VITHERT
NBERETHS.

logBDeu & MDL &, 227 & L CIROME % i
727,

Score(G) = Z Score;(G;) (8)
i=0
Z I T, Scorei(G;) 3B X; & T DOBERES G;
CHES BB TH Y, AN AT LIEX,
Bl Z ¥ logBDeu DA X; L HABES G, 1220 T
DU —FIVAAT Score;(Gi) IFEATD X 512K E 5.
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1 (a) GBN Ofl;

(©) (d)

(b) Naive Bayes; (c) TAN Ofl; (d) ANB Dfl

Fig.1 (a) Example of GBN; (b) Example of Naive Bayes; (c) Example

of TAN; (d) Example of ANB.

r(V;)
Score;(G;) = Z (log m

j=1

+Zlo

72, R (8) 2WAETAITENMAMCTHL LS
W, PRTTREZ A 2T &I B & SR £ R
TF % [10][11].

3. RAYFPrry NIT—U %

3.1 RAYTrry NI—UDERICL D98

RATVT Ay NT—=2ZBF5—D2D/—F%H
HEHE L, TOMD /) — REHAZERE LizR1Y
7Yy N7 —27 5% (Bayesian Network Classi-
fier: BNC) %, HEEIZERZHS HHEMB{L LTHS
NTWa[]. %4, X1, , X, ZBHEZHE L, Xo
ZHMZHE U7z BNC 2825, SHEAROT — &
(z1, -+ ,on) BWER NN, HWEBOWEM ¢ 1%
UFoksizions.

,Zn, G, 0) (10)

¢= arg max P(c|z1,---

ce{l,---,r0}

= arg max Ple,zy, - 20 | G, O)
ce{l, oy Plar, -+ an | G, 0O)

= arg max P(c,z1, - ,zn | G,0)
c€{l,,ro}

- wems T T 000
c€{lro} g G0 ket

= arg max lle_[ Oojk) Lojk

c€{loro} [0 5

i

:X;€Ch j=1k=1

ZZTC, Lijk BEES (c,z1,- ) ITBVWT X; =k
MOG =jORIZ1Z2ED, ZNUADORIZO0 %
LBEBTHB. 72, ChiFBNEHRO TEBDE
BTHs5. A (10) ORALP SO Z &I ITHWE
BONIHE L RIZTHALEIE, HREROBE
B T2, BLOBNERE T2 ET 228D A
Thd. INSOEEEREILVITT IV Ty b
[N

3.2 RAITvry NI—U R

—fIZ, RATT Ry MU — 0 ORGEFETHR
TEHBMELIEL VS22 TCOMETHD, TDX
S e A& 12 X U T BDeu X MDL 7% & % fxiti{b
L CT#HE I N5 BNC i& General Bayesian Network
(GBN) &Fighs (1D (a)). 2F0, S
LLTHWS N, HORW—NRR YT v
Sy b7 —2% GBN &IER, KEWAyY b7 =0T
% GBN OEBZ I KM AR PoTUED 2D
BERRBEICHINE ANTEE T2 2% 0. filx
i¥, GBN O TG e LT, LtHARH HEH
DAEBUH D LIRFE T 5 Naive Bayes[12] (K1 D
(b)) X, REHAZENHNEREBICRS, SHEK
I CANLE % & % L {FE L 7z Tree-Augmented Naive
Bayes (TAN) [1] (K1 ® (c)) HEPHISNTWS
Naive Bayes Offiitild —RICE £ 5720, W& H’E
BEERN. REEFEH AT L U7z TAN O%EiE
ZIHARMTEETE, MDLIZ X > GEMIZFEE L
7= GBN & [RISF DM & D 2 & DEURFEERRIC &
DRINTWS [1][13]. %7z, Naive Bayes ¥ TAN
ZfR{bL7, LoREDOEWHIFIE LT, @%m
A H IO T2 L 7 0 GBI O BRI
IRE % B 572\ Augmented Naive Bayes (ANB) (.
10 () [1] BEshTnD

3.3 "AITF /z/hv VRO FE

BDeu * MDL T%¥# L7z BNC 1%, 22D [HHKf
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RS MHEET VLT EERETNTHS. L,
Friedman & [1] 1, BNC OfiE# 12, ilHZE
TG & U HINEB D&M SRS M % T T VL
TEHBHNETNDLDDAIATZHNVEIREL L X
BLZ. Z0&S>HB2a7e LT, AFTRINS,
AR Z TG & U7z HINEB O S & B E
(Conditional Log Likelihood: CLL) XX 1 7=.

N
> log P(af | af, -
t=1

U2 U, CLL X2 f#ATEE TR W28, #A e kE
WHRTNVITV ZALEANDSZ LN TERY. £ T
Grossman 5 [4] IZIE BN BEHRIEL LT, #id
LTy YE—DME, HE, KEDOWT O
TER T IRICRB AT THRLA LB L5 BTy V%
BOZTOBEEZITS WD O A% 0K L T
& FH 3 % Hill-Climbing 7V 3V X A [5] %\ 7.
Hill-Climbing 7V IY) XA T, EEOT Y VDB
m, HE, KEOEOEMEEIT>TH AT HRWES
DILVRHZEH AR T L, TOROMELZEE T 5.

—}i, Carvalho & [3] 1%, fEMifEEAIC ANB %
REL, DffwREL w5 &5 CLL 2iEAL 7% aCLL
(approximate Conditional Log Likelihood) % f&%
Uk, 22T, te{l,--- N}, ce{l,--- o} st
UT, Jie=Plc,zl,--- 2, | G,0) £35&, CLL
FIRD LS IZRES.

N N
ZIOgP($6|x§77xnaG@ :Z Jt717.'.
t=1 t=1

=72,

0
FUese= Jung) = log J, oy — log (Z J)
c=1

TH5. 5, (Jin, - Jemy) DT 1V 2 LTI
WS ERETDE, fEUFD f TEBTES.

T0

»ﬁm):k%4@5+§:ﬁbg£@+v

c=1

axfn»G, @)

f(Jm,...

ZIT, Beyld 2mA=-10g(d 2, Jre) &
B = Y" loglic &7 Y XLIZHHIFEES Y,
A =B+~ %2ilidTEOHETENTA-X
TdH5. Carvalho 51 Z DELE FHWTEATF®D aCLL
AT wRELUT.

s Jtrg) NITBCARHE R B

N
aCLL(D | G) = f(Jua, s Juro)
t=1

N
:§:<bg4zw+§:6bgﬁc+v>

c=1
n a4 v 7o T0
o Z Z Z Nijer + 8 Z Nijer | log(8ijer)
i=1 j=1 k=1 c=1 c/=1
Z Z 7T, Nijek T X; =k »DG; \ {Xo} =3 "D

Xo=cdBEEZRL, 0 3G \{Xo} =3
D X =cDIIZ X; = k LB M EHERNS
A—RERT. iz, q:_HleeGi\{Xo}nf\%é‘
NAIN=RFT A=K Ny > 02 LT, aCLL 2%
KIZFT BRI A=RIFIMD LS IZHTETE 3.

b, = Nijtck
’ Nijte
ZZT,
zgck + 6 ZC/ 1 zyc’k
Nijter = (lf Nijet + 8320y Nijern 2 Nijer)

z;ck

(lf Nz]ck + BZC/ 1 z]c’k: < szck)

i
Nijte = E Nijetk

Thb. Bk p & yicxtLT, aCLL i& CLL O
Thd. INsDELFETTHFEHL
72 BNC ® /%%, ML (BDeu ¥ MDL %2 ¥) I2& > T
SERETIZ 2 U7z BNC & 0 08BEN SN2 & A8
WHEINTE 2.

UL, ML &A{t& D CLL JKRALD 72 R
WREWSHEIZOWTIEZINETHSMZEINTY
72\, ML i HEERSE st U Tl — B pSMRat & h
TEY, YT NP A ARKEVRFIZ ML O 5 Fk
ENCLLIZE2DIEHARTHS. 72, BNC D ML
WA MRATRETH 5720, ML IZ & % B8k CLL
Ik BEEAE TR AR, BENLRHcEETE
5. SEATWREOEERTIE, ML I & 5EM%E%
TFhoTWVWd7izd, BRIEEDOEINHEL-OND
LR\,

Z 2T, IRETIE ML 12 & > THZIZ¥%E L7z BNC
& CLL 12 & » TEBBNZZEE L7 BNC O 45 8%
ZIET 5.



EIE OB G AR5 xxxx/xx Vol. Jxx—X No. xx

4. GBN OBZEZ2E EHINETILDLLE
=3

AETIE, MLIZ& > THEIZFEE L7 BNC &
CLL 2 & > GERIIZFE U 72 BNC OO BHEE % I
K95, ML & UTHWAZXI7 X BDeu & L, #H
BT (NS RX=F A—=&) Ol Ueno[7], [8]
DIEFIZHN 1.0 2 LTz, ZOEBRTIHIRD 6 DOF
HEIET 5.

e GBN-BDeuw: BDeu Z HWTHEZ#ZE L /-
GBN

* Naive Bayes

*  GBN-CMDL (Grossman & [4]): MDL @7 «
v F 4 v 7% CLL I & #12 7= Conditional MDL
(CMDL) #HWTEMYE L7~ GBN

* BNC2P (Grossman & [4]): £ZEBPHK 2 D
ECUL2ElER WG 2 BMie LT, CLL 20
TEIZEE L7z BNC

*  TAN-aCLL (Carvalho & [3]): aCLL &M\ T
B2 L 7= TAN

¢ gGBN-BDeu: BDeu Z H\WTEM#HE L 7~
GBN
S OREZREFEE & U TE Hill-Climbing % fW,
BB OGS RRE T L U CIZBETEE [10] 2 M
Wz, UCI VARV M) F—XR—2Z[14] D 43 DX
VFR—IT—REy FERAV, £T &Ly MIE
ENDEM R VTN o E A 5T 2 I EERUE
L, REEEZELT Y IVETF—ZEy b2 SkREL
2. WENOFEIZBEWTH, HE¥E%kO BNC O
NI A—=RIT2T EAP THEL 7=,

BRI, EF Xty MIHLT, 10 SEZAER
ML BTFANTF— ROV —HEERD, NHEHEE
EUTRLIERUEZ, 27ZL, 1L iZHBEIHhTW
% ANB-BDeu (Z22WTCld 6 T s 5. &7 — X
Ty MIWNL, EFEOF TR GV EEEZ T
TRULTWS. &7z, SHKEE £ %H U7z GBN-BDeu
DG L OBIR%E A D701, 10 FEIRABGEC B
% GBN-BDeu D% E##&iE D H I ZE D BZ B D
Y% 3K 2 O"Parents"IZ/R U7z, & 2 @"Children"ld,
10 53 #I2A4MEEIZ 1) 5 GBN-BDeu O RO H
DT BRI DO %2R LU TW5S. K2 D"Sparse
data'ld Noj = 0 2 RBET—R%E LD jDNRR—
VEBOFEERLTWS, EL, K2 ICTEHEI N
T\W% MBsize, Missing variables, Extra variables,

6

Max parents IZ2WTCIX 6 B TS LT 5.
#1%2K/5&, GBN-BDeu ¥ > 7IL¥ 1 XD K
EVWTF—ZtEy b 11%K, 12%, 2%, 32%, 0%
IZDWT, WIEFIE 6 DOHTHEREE RS &S,
ZOFRERNS, MLIZE>TH#E L~ BNC 243 L
£ CLL IZ X > THE L7 BNC & b 58k E MR
CIEBRSRWZ bR E. UL, TP X
DINSWTF—XEy NThHB 3%, 9%, 31 BFTI
GBN-BDeu DA HREENEZEL KW, Zhs5DT —
Kty T, BREBROFERD DL, BHEEN
Z\\NZ L HFK 2 D"Children", "Parents"h 507 5.
/2, ZThoHDF—X vy hTlE"Sparse data" DIEAS
KEWZ eDbhsb, Z0L5IZ, BREROBEEK
DLW, BEBES Go DIREE g0 HREIIZIE X
728, HIRIE Go = j IKH LT Noj BN 75,
L7z >, HINEBD /ST A —2HEElE (R (5) O
WENELm->TLES. &1z, X (10) &b, H
A DFERBDINZEEHWEBD R T A =23
SEIZRESHERRIFT. LS, BREROH
BRI % K FEBED DI Z & DY GBN-BDeu D458
HEOELWMETORKNLEEZ NS, RETID
MR T 2 PR ZOT7ILTY) XL EEET 5.

5. Augmented Naive Bayes ##1%
2 BNC OBEZE

4FETE, YU TINY A XDNSWT =Ry MZH
T GBN-BDeu 2 HIZEBDBIZ RS { T2H0R
DRVIEEEZFET2HEVH D, ThDBSERED
ZUWETZE2#HL Z %2R LU7. GBN-BDeu i¥HH
BREDOINITTZ0ry b EZNIIDOEBROME
RFERICFET 20, DEICEHNERO Va7 T
FIUT Y NOANEET S, Lh - T, GBN-BDeu
OHWMERD~NIAT T30y N 2RBBES L
UT, LEoMEZENT S XS 2HH T oiigz ¥
BanE, NFREE2R ETE2WREE DS, BHW
BROBEL L FEBB RN 5 Fike LT, H
ISR 2 F7-3, RAERE 7E2H e LT
2 Augmented Naive Bayes (ANB) 215 TW»
5. KimTlx, GBN-BDeu ® HIAEIZDOWT D~
VAT TIUry bOAEBDAEEESE L, ANB M
ExHIF & U T BDeu IZ & W iZE¥E 35 BNC (M
B%, Z D75 % Markov blanket Augmented Naive
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GBN-BDeu, ANB-BDeu & #RFIEDHHERE (KFIXRADDHKEE)

Table 1 Classification accuracies of GBN-BDeu, ANB-BDeu, and traditional
methods (bold text means the highest accuracy).

Sample Naive- ~GBN- TAN- gGBN-  GBN- ANB-

No. Dataset Variables size Classes Bayes CMDL BNC2P aCLL BDeu BDeu BDeu
1 Balance Scale 5 625 3 0.9152 0.3333 0.8560 0.8656 0.9152 0.9152 0.9152
2 banknote authentication 5 1372 2 0.8433 0.8819 0.8797 0.8761 0.8819 0.8812 0.8812
3 Hayes-Roth 5 132 3 0.8182 0.6136 0.6894 0.6742 0.7525 0.6136 0.8182
4 iris 5 150 3 0.7133 0.7800 0.8200 0.8200 0.8133 0.8267 0.8200
5 lenses 5 24 3 0.7500 0.8333 0.6667 0.7083 0.8333 0.8333 0.7500
6 Car Evaluation 7 1728 4 0.8571 0.9497 0.9416 0.9433 0.9416 0.9416 0.9427
7 liver 7 345 2 0.6319 0.6145 0.6290 0.6609 0.6029 0.6087 0.6348
8 MONK’ s Problems 7 432 2 0.7500 1.0000 1.0000 1.0000 0.8449 1.0000 1.0000
9 mux6 7 64 2 0.5469 0.3750 0.5625 0.4688 0.4063 0.4531 0.5469
10 led7 8 3200 10 0.7294 0.7366 0.7375 0.7350 0.7297 0.7294 0.7294
11 HTRU2 9 17898 2 0.7031 0.7096 0.7070 0.7018 0.7188 0.7305 0.7188
12 Nursery 9 12960 3 0.6782 0.7126 0.6092 0.5862 0.7126 0.7126 0.6782
13 pima 9 768 9 0.8966 0.9086 0.9118 0.9130 0.9092 0.9112 0.9141
14  post 9 87 5 0.9033 0.5823 0.9442 0.9177 0.9291 0.9340 0.9181
15  Breast Cancer 10 277 2 0.9751 0.8917 0.9473 0.9488 0.7058 0.9751 0.9751
16 Breast Cancer Wisconsin 10 683 2 0.7401 0.6209 0.6823 0.7184 0.7094 0.7184 0.7040
17 Contraceptive Method Choice 10 1473 3 0.4671 0.4501 0.4745 0.4705 0.4440 0.4542 0.4650
18 glass 10 214 6 0.5561 0.5654 0.5794 0.6308 0.4626 0.5701 0.6449
19  shuttle-small 10 5800 6 0.9384 0.9660 0.9703 0.9583 0.9683 0.9693 0.9716
20  threeOf9 10 512 2 0.8164 0.9434 0.8691 0.8828 0.8652 0.8887 0.8730
21  Tic-Tac-Toe 10 958 2 0.6921 0.8841 0.7338 0.7203 0.6754 0.8340 0.8497
22  MAGIC Gamma Telescope 11 19020 2 0.7482 0.7849 0.7806 0.7631 0.7844 0.7873 0.7874
23 Solar Flare 11 1389 9 0.7811 0.8265 0.8315 0.8229 0.8431 0.8431 0.8229
24 heart 14 270 2 0.8259 0.8185 0.8037 0.8148 0.8222 0.8259 0.8185
25  wine 14 178 3 0.9270 0.9438 0.9157 0.9326 0.9045 0.9270 0.9270
26  cleve 14 296 2 0.8412 0.8209 0.8007 0.8378 0.7973 0.7973 0.8277
27 australian 15 690 2 0.8290 0.8312 0.8348 0.8464 0.8420 0.8536 0.8246
28  crx 15 653 2 0.8377 0.8346 0.8208 0.8560 0.8622 0.8591 0.8515
29 EEG 15 14980 2 0.5778 0.6787 0.6374 0.6125 0.6732 0.6814 0.6864
30 Congressional Voting Records 17 232 2 0.9095 0.9698 0.9612 0.9181 0.9741 0.9655 0.9483
31  zoo 17 101 5 0.9802 0.9109 0.9505 1.0000 0.9505 0.9307 0.9505
32  pendigits 17 10992 10 0.8032 0.9062 0.8719 0.8700 0.9253 0.9290 0.9279
33  letter 17 20000 26 0.4466 0.5796 0.5132 0.5093 0.5761 0.5761 0.5935
34  ClimateModel 19 540 2 0.9222 0.9407 0.9241 0.9333 0.9370 0.9000 0.8426
35 Image Segmentation 19 2310 7 0.7290 0.7918 0.7991 0.7407 0.8026 0.8156 0.8225
36 lymphography 19 148 4 0.8446 0.7939 0.7973 0.8311 0.7905 0.7500 0.7770
37  vehicle 19 846 4 0.4350 0.5910 0.5910 0.5816 0.5461 0.5768 0.6253
38  hepatitis 20 80 2 0.8500 0.7375 0.8875 0.8750 0.8500 0.5875 0.6250
39 german 21 1000 2 0.7430 0.6110 0.7340 0.7470 0.7140 0.7210 0.7380
40  bank 21 30488 2 0.8544 0.8618 0.8928 0.8618 0.8952 0.8956 0.8950
41  waveform-21 22 5000 3 0.7886 0.7862 0.7754 0.7896 0.7698 0.7846 0.7966
42 Mushroom 22 5644 2 0.9957 1.0000 1.0000 0.9995 1.0000 0.9949 1.0000
43  spect 23 263 2 0.7940 0.7940 0.7903 0.8090 0.7603 0.7378 0.8240
average 0.7764 0.7721 0.7936 0.7943 0.7867 0.7963 0.8061

p-value 0.0031 0.0414 0.0067 0.0561 0.0629 0.2263 -
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Table 2 Statistics summary of GBN-BDeu and MANB-BDeu

Sample Sparse Missing Extra Max
No. Dataset Variables Classes size Parents Children data MBsize variables variables parents
1 Balance Scale 5 3 625 0.4 3.6 0.0 4.0 0.0 0.0 1.0
2 banknote authentication 5 2 1372 0.0 2.0 0.0 4.0 0.0 0.0 4.0
3 Hayes—Roth 5 3 132 3.0 0.0 17.2 3.0 0.0 0.0 1.0
4 iris 5 3 150 1.8 1.2 0.0 3.0 0.0 0.0 2.0
5 lenses 5 3 24 1.1 1.0 0.0 2.0 0.0 0.1 1.1
6 Car Evaluation 7 4 1728 2.0 3.0 0.0 5.0 0.0 0.0 2.0
7 liver 7 2 345 0.0 1.9 0.0 3.4 1.6 0.0 2.0
8 MONK’ s Problems 7 2 432 3.0 0.0 0.0 3.0 0.0 0.0 3.0
9 mux6 7 2 64 5.8 0.0 5.2 5.8 0.2 0.0 1.0
10 led7 8 10 3200 0.9 6.1 0.0 7.0 0.0 0.0 1.0
11 HTRU2 9 2 17898 1.8 4.2 0.0 7.0 0.0 0.0 3.0
12 Nursery 9 5 12960 4.0 3.0 0.0 7.0 0.0 0.0 3.0
13  pima 9 2 768 1.4 1.7 0.0 4.0 0.0 0.2 2.0
14  post 9 3 87 0.0 0.0 0.0 0.0 0.0 0.0 0.0
15 Breast Cancer 10 2 277 0.9 8.0 0.0 8.0 0.0 0.9 1.0
16  Breast Cancer Wisconsin 10 2 683 0.7 0.3 0.0 1.0 0.0 0.0 1.0
17  Contraceptive Method Choice 10 3 1473 0.7 0.8 0.0 1.5 0.5 0.2 1.2
18 glass 10 6 214 0.6 3.1 0.0 4.2 0.8 0.1 1.6
19  shuttle-small 10 6 5800 2.0 4.0 0.0 7.0 0.0 0.0 5.0
20  threeOf9 10 2 512 5.0 2.1 0.0 7.6 1.4 0.0 2.4
21 Tic-Tac-Toe 10 2 958 1.2 2.2 0.0 5.1 0.9 0.2 3.0
22  MAGIC Gamma Telescope 11 2 19020 0.0 6.1 0.0 8.0 0.0 0.0 4.0
23 Solar Flare 11 9 1389 0.8 0.2 0.0 0.1 0.9 0.9 1.0
24 heart 14 2 270 1.8 4.2 0.0 6.0 1.0 0.3 1.5
25  wine 14 3 178 1.7 5.3 0.0 7.0 0.0 1.1 2.1
26 cleve 14 2 296 1.8 4.5 0.0 6.3 0.7 0.3 2.0
27  Australian 15 2 690 1.4 2.8 0.0 4.2 0.8 0.3 2.2
28 crx 15 2 653 1.3 2.8 0.0 2.9 1.1 1.3 2.0
29 EEG 15 2 14980 0.4 8.2 0.0 12.8 0.2 0.0 5.0
30 Congressional Voting Records 17 2 232 1.3 2.6 0.1 5.2 1.8 1.0 2.8
31  zoo 17 5 101 4.3 1.6 20.3 6.9 3.1 0.5 3.5
32 pendigits 17 10 10992 2.6 13.4 0.1 16.0 0.0 0.0 5.6
33 letter 17 26 20000 2.9 9.1 0.0 13.0 0.0 0.0 5.0
34  ClimateModel 19 2 540 1.8 4.4 0.0 15.9 1.1 0.7 14.0
35 Image Segmentation 19 7 2310 0.7 10.4 0.0 12.7 0.3 0.5 4.1
36  lymphography 19 4 148 1.6 5.9 0.2 9.0 1.0 4.1 8.0
37  vehicle 19 4 846 1.1 5.1 0.1 9.0 2.0 1.1 3.6
38  hepatitis 20 2 80 1.3 6.1 0.4 13.1 1.9 2.9 10.7
39 German 21 2 1000 1.1 2.8 0.0 3.9 2.1 0.2 1.2
40  bank 21 2 30488 4.1 2.0 32.5 9.9 0.1 0.0 5.0
41  waveform-21 22 3 5000 3.8 10.1 0.0 13.9 0.1 0.6 4.0
42  Mushroom 22 2 5644 1.3 3.3 9.0 6.1 12.9 0.3 5.2
43  spect 23 2 263 2.0 3.4 0.0 6.4 2.6 1.3 2.5
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Table 3 Classification accuracies of respective classifiers achieved using feature

selection for 43 datasets

Sample MNaive- MGBN- MBNC MTAN- MgGBN-  GBN- MANB-
No. Dataset Variables size Classes  Bayes CMDL 2P aCLL BDeu BDeu BDeu
1 Balance Scale 5 625 3 0.9152 0.3333 0.8560 0.8656 0.9152 0.9152 0.9152
2 banknote authentication 5 1372 2 0.8433 0.8819 0.8783 0.8761 0.8812 0.8812 0.8812
3 Hayes-Roth 5 132 3 0.8333 0.6136  0.7197 0.7879 0.7980 0.6136 0.8333
4 iris 5 150 3 0.8267 0.7800 0.8200  0.8200 0.8200 0.8267 0.8267
5 lenses 5 24 3 0.8333 0.8333  0.8333 0.8333 0.8750 0.8333 0.8333
6 Car Evaluation 7 1728 4 0.8559 0.9242 0.9375  0.9363 0.9416 0.9416 0.9416
7 liver 7 345 2 0.6348 0.6348 0.6000 0.5942 0.6000 0.6087  0.5855
8 MONK’ s Problems 7 432 2 0.7500  1.0000 1.0000 1.0000 0.8194 1.0000 1.0000
9 mux6 7 64 2 0.5469 0.3750 0.6250 0.4688 0.3906 0.4531  0.5469
10 led7 8 3200 10 0.7294 0.7363 0.7375 0.7350 0.7303 0.7294  0.7294
11  HTRU2 9 17898 2 0.7083 0.7057 0.7044 0.7070  0.7305 0.7305 0.7227
12 Nursery 9 12960 3 0.7126 0.7126 0.7126 0.7126 0.7126 0.7126 0.7126
13 pima 9 768 9 0.9102 0.9046 0.9076 0.9141 0.9083 0.9112 0.9141
14  post 9 87 5 0.8996 0.8775 0.9322  0.9103 0.9258 0.9340 0.9174
15 Breast Cancer 10 277 2 0.9751 0.8909 0.9663  0.9458 0.9429 0.9751 0.9751
16  Breast Cancer Wisconsin 10 683 2 0.7184 0.7184 0.7184 0.7184 0.7184 0.7184 0.7166
17  Contraceptive Method Choice 10 1473 3 0.4549 0.4542 0.4555 0.4535 0.4501 0.4542  0.4549
18  glass 10 214 6 0.5841  0.5514 0.5467 0.5841  0.5047  0.5701  0.5654
19  shuttle-small 10 5800 6 0.9360 0.9645 0.9666  0.9605 0.9690 0.9693 0.9693
20  threeOf9 10 512 2 0.8145 0.8750  0.8750  0.8809 0.8652 0.8887 0.8711
21  Tic-Tac-Toe 10 958 2 0.7182  0.8476 0.7244 0.7213 0.7359 0.8340 0.8476
22  MAGIC Gamma Telescope 11 19020 2 0.7520 0.7841  0.7807  0.7699 0.7875 0.7873 0.7880
23 Solar Flare 11 1389 9 0.8431 0.8431 0.8431 0.8431 0.8431 0.8431 0.8431
24  heart 14 270 2 0.8222 0.8185 0.8148  0.8259 0.7889 0.8259 0.8296
25  wine 14 178 3 0.9607  0.9494 0.9438 0.9494 0.9326 0.9270  0.9326
26  cleve 14 296 2 0.8176 0.8176 0.7804 0.8108 0.7905 0.7973  0.8108
27  australian 15 690 2 0.8536  0.8580 0.8493  0.8522 0.8507  0.8536  0.8507
28  crx 15 653 2 0.8622 0.8545 0.8545 0.8622  0.8576 0.8591 0.8622
29 EEG 15 14980 2 0.5774 0.6790 0.6389 0.6111 0.6670 0.6814 0.6935
30 Congressional Voting Records 17 232 2 0.9353 0.9698 0.9655 0.9397 0.9655 0.9655  0.9569
31 z00 17 101 5 0.9406 0.9406 0.9307  0.9307 0.9505 0.9307 0.9505
32  pendigits 17 10992 10 0.8032 0.9062 0.8719  0.8700 0.9253 0.9290 0.9297
33 letter 17 20000 26 0.4536  0.5796 0.5068  0.5036 0.5636 0.5761  0.5779
34  ClimateModel 19 540 2 0.9259  0.9407 0.9222 0.9352 0.9370 0.9000  0.8667
35 Image Segmentation 19 2310 7 0.7662 0.7848 0.7918  0.7922 0.8022 0.8156 0.8203
36  lymphography 19 148 4 0.8176  0.7027 0.7770 0.8041 0.7770 0.7500  0.8108
37  vehicle 19 846 4 0.4634 0.5816  0.5721  0.5922 0.5437 0.5768 0.6028
38  hepatitis 20 80 2 0.8750 0.8500 0.8625 0.8500 0.8625 0.5875  0.6625
39  german 21 1000 2 0.7210 0.7250 0.7350 0.7230 0.7230 0.7210  0.7240
40 bank 21 30488 2 0.8680 0.8955 0.8924  0.8777 0.8954 0.8956 0.8966
41  waveform-21 22 5000 3 0.7852 0.7912  0.7806  0.7814 0.7626 0.7846 0.7920
42 Mushroom 22 5644 2 0.9970 0.9991 0.9991 0.9972 1.0000 0.9949 1.0000
43 spect 23 263 2 0.7865 0.7303 0.7416 0.7715 0.7715 0.7378  0.7603
average 0.7867 0.7801  0.7993  0.7981 0.7961 0.7963 0.8074
p-value 0.0089 0.0054 0.0104 0.0057 0.0188 0.0301 -

<, MBNC2P ¥ MTAN-aCLL & » & ¥k E H <
HoTWB, ZDOE3IZ, YU TP A XRKREL R
%, k0 EMELRIERD % RBITE % MANB-BDeu
DH PR IEREDE L 705

MANB-BDeu i34 >~ VY1 ZRKEVTF—K L v
h22%, 29%, 32%, 33 %, 40 T MgGBN-BDeu
X O NEREELEV. ZOHE e LT, MgGBN-BDeu
i3 BDeu # AW TEBIEE L TW5 5, MANB-BDeu
3 BDeu Z HWTHEZEE L TWA 720, YTy
4 ANKREL 75 & MANB-BDeu D 5035 — R DI
ROMELEMIIRBHTEEZhEZLHNS.

% 72~ MANB-BDeu |, GBN-BDeu O %3 #& D
HINAEB O F BB DL, BEENE o727 — &
£y 3%, 9%, 31 BIZH\WT, GBN-BDeu D%
HEE2RELTWS., ZOHKAIK, 5BETRNZS
SRR N O %2 MANB-BDeu TREFMTE 2025
Th5.

B2, MANB-BDeu & ANB-BDeu % F#3 5.
ZODEWE GBN-BDeu D HMWEH DL T TS
Iy ML BERERE LTV ANENTHD. #
2 MO "Missing variables'" i, B #IZH & BIAZE D ]
TEIZHBEDH > 72D IZEBUEIRTHRELTLE -
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Abstract Bayesian network classifier (BNC) is known as a highly accurate classifier for discrete vari-
ables. Earlier reports have described that classification accuracies of BNCs as discriminative models were
higher than those as generative models. However, the reports stated no reason why discriminative models
outperformed generative models. The present study conducted experiments to compare the classification
accuracies of BNCs as discriminative models and ones as generative models. Results demonstrate that the
classification accuracies of BNCs as generative models are higher than those as discriminative models when
the sample size is large. However, the results also show that the classification accuracies of BNCs as gener-
ative models are much worse than those as discriminative models because the class variable has numerous
parents and the number of parameters increase exponentially, when the sample size is small. To resolve
the difficulty, this study proposes an exact learning the BNC as a generative model with Augmented Naive
Bayes (ANB) structure constraint in which the class variable has no parents. The set of feature variables
of the ANB as a generative model is the Markov blanket for the class variable of the unrestricted BNC.
Therefore, the proposed method first learns exactly the unrestricted BNC. Then, the proposed method
learns the BNC with the ANB structure constraint in the Markov blanket for the class variable of the
unrestricted BNC. Some comparison experiments demonstrate that the proposed method outperforms the

other methods to learn traditional discriminative models.

Key words Bayesian networks, classifiers, generative models, machine learnings, probabilistic graphical

models.



